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SECTION A

A1. (a) Write the complex number Z = − 1

16
√
2
+

√
3

16
√
2
j in polar form.

(1 mark)

(b) Hence, or otherwise, find all of possible values of Z1/4 [you may express the
answer in either polar form or as real and imaginary parts] and plot them on the
Argand diagram.

(4 marks)

A2. (a) Find the Cartesian equation for the plane P that passes through the three points
whose position vectors are given by

a : (1, 2, 3), b : (1,−1, 4) and c : (−1, 2, 3).

(3 marks)

(b) Find the unique point of intersection between the plane P and the straight line
that is written in vector form as

(x, y, z) = (0, 2,−1) + (1, 1, 1) t,

where t is an arbitrary parameter

(2 marks)

A3. Given the matrices

A =

(
1 2

−3 5

)
, and B =

3 −2
1 1
0 6

 ,

decide which of the following matrix products are well defined:

AB, BA, ATB, A−1BT .

Compute each product that is well defined.

(5 marks)
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A4. (a) For what value of the parameter β does the matrix system of equations 2 β 3
−1 0 1
−1 1 2

x
y
z

 =

 1
−2
0


not have a unique solution?

(3 marks)

(b) For that value of β, decide whether the equations are inconsistent (no solution) or
degenerate (infinitely many solutions), taking care to show your reasoning.

(2 marks)

A5. Use l’Hôpital’s rule to determine the value of the following limits, if they are well-
defined:

(a): lim
x→0

x2

sin(x)
, (b): lim

x→π/2

cos(x)

π2 − 4x2
, (c): lim

x→0

cos(x)− 1

x3
,

taking care to show your working.

(5 marks)

A6. Find an expression for the indefinite integral∫
x3 − 10x+ 1

x2 − 4x+ 3
dx .

(5 marks)

A7. Use the chain rule for partial differentiation to compute
∂f

∂s
at (s, t) = (1, 1) where

f(x, y, z) = sin(x) cos(y)ez

and
x(s, t) = 2− s2 − t2, y(s, t) = s− t, z(s, t) = s+ t.

(5 marks)
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A8. Suppose learner drivers have a 20% chance of failing their driving test indepedently
from others. Consider 30 learner drivers who take their test consecutively.

(a) Use the binomial distribution to find the probability to four decimal places that no
more than three of these learner drivers fail their test.

[Recall that the binomial distribution X ∼ B(n, p) has probability mass function
P (X = k) =

(
n
k

)
pk(1− p)n−k .]

(2 marks)

(b) Use the normal distribution with appropriate mean and variance to approximate
the probability in part (a), giving your answer to four decimal places.

[There is no need to make a continuity correction].

(3 marks)

A9. In a factory, car parts are sent randomly to one of two machines for further processing.
Unfortunately, the machines do not operate perfectly and sometimes the processing does
not pass quality checks. The table below shows the findings of recent quality checks
where for randomly sampled car parts, it was assessed which machine was used in
processing and for each machine the percentage of quality checks passed was measured.

samples quality checks passed
machine 1 4,000 70%
machine 2 6,000 80%

(a) Use these data to construct a complete contingency table for the events A, that a car
part passed the quality checks, and B, that a car part was processed by machine
1, and their complements. Take care to show the calculations you perform to
complete the table.

(4 marks)

(b) Suppose a car part is found to not pass the quality check. What is the probability
that it was processed by machine 2?

(1 mark)
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A10. Find the solution x(t) to the ordinary differential equation

dx

dt
=

√
4− 16x2 , x(0) =

1

2
.

(5 marks)

A11. Consider the differential equation

d2x

dt2
+ 4x = sin(2t) .

Given that the complementary function [solution to the homogeneous equation] can
be written in the form A cos(2t) +B sin(2t) where A and B are arbitrary constants,
find the particular integral solution x(t).

(5 marks)

A12. Consider the function
f(x) = −x3 + 1− arctan(x). (1)

(a) Demonstrate graphically that f(x) has a unique real root.

(2 marks)

(b) Recall that Newton’s method for approximating the root f(x) = 0 can be written
iteratively as

xn+1 = xn −
f(xn)

f ′(xn)
.

Starting with x0 = 1, use Newton’s method to approximate the root of f(x),
defined by Equation (1) to two decimal places.

(3 marks)
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SECTION B

B1. (a) Consider the matrix

A =

(
0 −2
2 0

)
.

(i) Compute the determinant of A and the eigenvalues of A.
(3 marks)

(ii) Describe carefully, with the aid of a suitable graph, the effect of the two-
dimensional linear transformation(

x
y

)
7→ A

(
x
y

)
.

(3 marks)

(iii) Explain how the answers to parts (i) and (ii) are related.
(1 mark)

(b) Consider the matrix

B =

0 −2 2
5 2 1
3 2 1

 .

(i) Find the characteristic polynomial [that is, the equation satistfied by the eigen-
values λ of B].

(4 marks)

(ii) Given that λ = 3 is an eigenvalue, find the other two eigenvalues of B.
(3 marks)

(iii) Find an eigenvector corresponding to the eigenvalue λ = 3.
(3 marks)

(iv) Show that the vectors

v2 =

−1
1
1

 and v3 =

0
1
0


satisfy Bv2 = −2v3 and Bv3 = 2v2 .
Hence, or otherwise, carefully describe the effect of the 3D linear transforma-
tion x

y
z

 7→ B

x
y
z

 .

(3 marks)
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B2. (a) Consider the function
f(x) = sin(x)e−x .

(i) Compute the Maclaurin series of f(x) up to and including cubic terms.
(5 marks)

(ii) Show that stationary points of f [that is, points at which df
dx
(x) = 0 ] are

given by the condition tan(x) = 1.
Hence or otherwise, find all stationary points of f for 0 < x < 2π. and classify
them as being either maxima, minima or inflection points. Find the value of
of f(x) at each stationary point.

(5 marks)

(iii) Sketch a graph of f(x) for 0 ≤ x < 2π, explaining your reasoning and indi-
cating the values of f(x) and x at any special points.

(3 marks)

(b) Consider the function
u(x, t) = sin(kx−mt)− e−αt,

where k, m and α are positive constants.

(i) Compute the all first and second partial derivatives of u(x, t) with resepect to
x and t, expressing the answers in terms of the constants k, m and α.

(5 marks)

(ii) Find the values of constants a and b such that u(x, t) satisfies the equation

∂2u

∂t2
= a

∂2u

∂x2
+ be−αt ,

expressing your answers in terms of the constants k, m and α.
(2 marks)
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B3. The probability density function of a continuous random variable X is given by:

fX(x) =


0 for x < 0

x for 0 ≤ x ≤ 1

2− x for 1 < x ≤ 2

0 for x > 2

(a) (i) Sketch this function and find the median and mode of X, stating the definitions
for these measures.

(3 marks)

(ii) Compute the mean of X, stating the definition of the mean of a continuous
random variable.

(3 marks)

(iii) Compute the variance of X, stating the definition of the variance of a contin-
uous random variable.

(4 marks)

(b) (i) Find the cumulative distribution function of X and sketch it.
(6 marks)

(ii) Use the cumulative distribution function of X to find P (1
2
< X ≤ 3

2
).
(2 marks)

(c) Assume that the random variable Y is independent from X and follows the same
distribution.

Find the mean and variance of X + Y , stating the results and definitions you use
in your calculations.

(2 marks)

————-
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B4. (a) The vertical velocity v(t) of a particle of mass m > 0 that is allowed to fall under
gravity within a resistive medium is supposed to be governed by the ordinary
differential equation

m
dv

dt
+ cv = −mg, v(0) = −v0,

where c, and v0 are positive constants. Solve the differential equation to find a
general expression for the velocity v(t), in terms of the constants c, g, m and v0.

(5 marks)

(b) Henceforth in this question we shall assume that y and t are measured in units such
that we can assume

c = 1, g = 1, m = 1 and v0 =
1

2
.

Sketch a graph of v(t) against t. What is the terminal velocity limt→∞ v(t)?

(2 marks)

(c) It is proposed that a better model of the resistance of the medium is a quadratic
law so that

dv

dt
+ v2 = −1, v(0) = −1

2
.

Find the solution for the velocity v(t) in this case.

Why is this not likely to be a good model of the motion?

(5 marks)

(d) It is now supposed that the medium also has elasticity, and that the displacement
of the particle y(t) is governed by a differential equation of the form

d2y

dt2
+

dy

dt
+

5

4
y = −1, y(0) = 1, v(0) =

dy

dt
(0) = −1

2
.

Find the solution y(t) for the displacement, and v(t) =
dy

dt
(t) for the velocity.

What is the terminal velocity in this case?

(8 marks)
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B5. Consider an initial-value problem

dx

dt
= −3x

t
+

et

t3
, x(1) = e1 + 3. (2)

(a) By direct substitution and evaluation, show that

x(t) =
et + 3

t3
, (3)

solves the problem (2). That is, you should show that the solution satisfies the
differential equation as well as the initial condition.

(4 marks)

(b) Use Euler’s method with

(i) h = 0.5,

(ii) h = 0.25,

to approximate the value of the solution x(t) to (2) at t = 2.

(iii) Decreasing the step size is a common technique for lowering the error of an
approximation, however it can be computationally expensive and will not
always work. How else can the error be decreased? List at least one additional
method.

(8 marks)

(c) A first-order ordinary differential equation dx
dt

= f(x, t) is said to be in equilibrium
when f(x, t) = 0.

(i) Using the explicit solution given in Equation (3) and the original ODE in
Equation (2), show that at an equilibrium

tet − 3(et + 3) = 0. (4)

(2 marks)

(ii) Starting at ta = 3 and tb = 4, use the bisection method to approximate the
time t at which the system is in equilibrium. Perform your estimation to 1
decimal place of accuracy.

(6 marks)

10 .../ End of Exam Paper
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